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Abstract
Let H be a complex Hilbert space and let {Tn}n1 be a sequence of commuting bounded operators
on H such that ∑n1 TnT ∗n  IH. Let F(T¯ ) denote the space of all operators X in B(H) for which∑
n1 TnXT ∗n = X and suppose that F(T¯ ) = {0}. We will show that there exists a triple {K,Γ, {Un}n1}
where K is a Hilbert space, Γ : K→ H is a bounded operator and {Un}n1 ⊂ B(K) is a sequence of
commuting normal operators with
∑
n1 UnU∗n = IK such that TnΓ = ΓUn for n  1, and for which
the mapping Y → Γ YΓ ∗ is a complete isometry from the commutant of {Un}n1 onto the space F(T¯ ).
Moreover we show that the inverse of this mapping can be extended to a ∗-homomorphism
π : C∗{IH,F(T¯ )}→ {Un}′n1
from the unital C∗-algebra generated by F(T¯ ) onto the commutant of {Un}n1. We also show that there
exists a ∗-homomorphism
Π : C∗{IH, {Tn}n1}→ C∗{IK, {Un}n1}
such that Π(Tn) = Un for n 1. In the particular case when {Tn}n1 has only a finite number of non-zero
components, it turns out that {Un}n1 is unitarily equivalent to the spherical unitary part of the standard
commuting dilation of {Tn}n1.
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1. Introduction
Let H be a complex Hilbert space and let B(H) denote the algebra of all bounded linear
operators on H. A sequence T¯ = {Tn}n1 of bounded operators on H is called a row contraction
if
∑∞
n=1 TnT ∗n  IH, where IH is the identity operator on H and the series is convergent in
the strong operator topology. To each row contraction T¯ = {Tn}n1 one can associate a linear
mapping ΨT¯ : B(H) → B(H) defined by
ΨT¯ (X) =
∞∑
n=1
TnXT
∗
n , X ∈ B(H).
This mapping is completely positive, completely contractive and ultraweakly continuous. We
denote
F(T¯ ) =
{
X ∈ B(H):
∞∑
n=1
TnXT
∗
n = X
}
and call F(T¯ ) the space of T¯ -Toeplitz operators. The main purpose of this paper is to study the
space F(T¯ ) for the case when {Tn}n1 is a commuting row contraction, i.e. TiTj = TjTi for all
i, j  1. For the case of a single contraction T ∈ B(H) this space has been studied in several
papers, see [11,14–17,21,22]. For commuting semigroups of contractions, see [7] and [18]. In
particular, [7] contains a nice survey of various approaches to the study of Toeplitz operators
associated to contractive semigroups. As a general feature of the study of such spaces of Toepliz-
like operators, a certain symbol map defined on the space of T¯ -Toeplitz operators and taking
values in the commutant of a certain unitary operator associated to T , or a group of unitary
operators for the case of contractive semigroups, is constructed. This mapping is usually shown
to be isometric and surjective. The simplest and perhaps yet the most interesting is the case when
T = S∗ where S is the unilateral shift on the Hardy space H 2. In this case, F(T¯ ) is precisely the
space of all Toeplitz operators on H 2 (see [9]) and the symbol map is Tφ → φ for φ ∈ L∞(T). We
also mention that, in the case of non-commuting row contractions, lifting theorems for operators
in F(T¯ ) to corresponding Toeplitz operators associated to the minimal row isometric dilation
of T¯ have been proved in [8] and [19].
We will show that to each commutative row contraction T¯ = {Tn}n1 on H for which F(T¯ )
is non-trivial, there exists a triple {K,Γ, {Un}n1} where K is a Hilbert space, Γ : K→H is a
bounded operator and {Un}n1 is a spherical unitary on K (i.e. a sequence of commuting normal
operators such that
∑∞
n=1 UnU∗n = IK) such that TnΓ = Γ Un for n 1, and for which the map-
ping Y → Γ YΓ ∗ is a complete isometry from the commutant of {Un}n1 onto the space F(T¯ ).
Moreover we show that the inverse of this mapping can be extended to a ∗-homomorphism
π : C∗{IH,F(T¯ )}→ {Un}′n1
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In addition, we show that there exists a unital ∗-homomorphism
Π : C∗{IH, {Tn}n1}→ C∗{IK, {Un}n1}
such that Π(Tn) = Un for all n  1. In the particular case when {Tn}n1 is a d-contraction,
i.e. Tj = 0 for j  d + 1 it turns out that the spherical unitary {Un}n1 can be taken to be the
spherical unitary part in the minimal commutative dilation (V1, . . . , Vd) of T¯ .
Our method of proof for these results is based on considering the properties of a certain con-
ditional expectation on the space F(T¯ ). A similar approach was used in [20] to study spherical
isometries. A particular case of the results of the present paper is an alternate proof of the main
result from [5] that every spherical isometry is jointly subnormal. The methods employed here
can be used to study spaces of fixed points for commutative semigroups of contractions. This
will be given elsewhere.
2. Preliminaries
We begin this section with the following result. A possible proof based on the use of Banach
limits can be given following the lines of Lemma 2 at [3, p. 286]. A more general result for
amenable semigroups of completely contractive mappings was proved in [6]. Also for the case
of separable Hilbert space a similar result can be found in [1].
Lemma 2.1. Let Ψ : B(H) → B(H) be a completely positive, completely contractive and ul-
traweakly continuous linear mapping and let Ψ (j) denote the j -power of Ψ as an operator
on B(H). Then there exists a completely positive and completely contractive linear mapping
Φ : B(H) → B(H) such that Φ ◦ Φ = Φ and whose range coincides with the space
FΨ =
{
X ∈ B(H): Ψ (X) = X}.
Moreover, if A,B ∈ B(H) satisfy Ψ (AXB) = AΨ (X)B for all X ∈ B(H) then the same holds
true for Φ . In addition,
Φ(IH) = s.o.- lim
j→∞Ψ
(j)(IH).
Proof. Let μ : ∞(N) → C be a Banach limit, i.e. a norm one unital and translation invariant
linear functional on the commutative C∗-algebra of all bounded sequences {λn} ⊂ C. Let X ∈
B(H). For each pair ξ, η ∈H define
[ξ, η]X = μ
({(
Ψ (m)(X)ξ, η
)}
m∈N
)
where Ψ (m) holds for the m-power of Ψ as an operator on B(H). It then follows that the map
(ξ, η) → [ξ, η]X is sesquilinear on H ×H therefore there exists a bounded operator Φ(X) ∈
B(H) such that (
Φ(X)ξ, η
)= [ξ, η]X, ξ, η ∈H.
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it is also completely contractive. Furthermore one can show that
tr
(
Φ(X)L
)= μ({tr(Ψ (m)(X)L)}
m∈N
)
for every X ∈ B(H) and every trace-class operator L. Since Ψ is ultraweakly continuous
and μ is translation invariant we see that Ψ ◦ Φ = Φ therefore, iterating and applying
μ we get Φ ◦ Φ = Φ . The last assertion holds true because the sequence of positive op-
erators {Ψ (j)(IH)}j1 is monotone decreasing hence strongly convergent to some operator
Q ∈ B(H). 
Corollary 2.2. Let Ψ : B(H) → B(H) be a completely positive, completely contractive and
ultraweakly continuous linear mapping. Then the following are equivalent:
(1) There exists a non-zero operator X ∈ B(H) such that Ψ (X) = X;
(2) s.o.- limj→∞ Ψ (j)(IH) = 0.
In the proof of our main result a basic role is played by the following important result
from [10].
Theorem 2.3. (See [10].) Let Φ :B(H) → B(H) be a completely positive and completely con-
tractive mapping such that Φ ◦ Φ = Φ . Then for all X,Y ∈ B(H)
Φ
(
Φ(X)Y
)= Φ(XΦ(Y))= Φ(Φ(X)Φ(Y )).
The following result was proved in [20] for the case of unital mappings, however one can
easily see that the proof works as well for non-unital mappings. It is a quite straightforward
application of Theorem 2.3. For completeness we include a proof which is essentially the same
as that given in [20].
Theorem 2.4. Let Φ :B(H) → B(H) be a completely positive and completely contractive map-
ping such that Φ ◦ Φ = Φ, let E = RanΦ and let
Φ0 :C
∗{IH,E} → B(H)
be its restriction to the unital C∗-algebra generated by E in B(H). Suppose that {K,V ,π} is
the minimal Stinespring dilation of Φ0 which means that π :C∗{IH,E} → B(K) is a unital∗
-homomorphism and V : H → K is a bounded operator such that Φ0(X) = V ∗π(X)V for
all X ∈ C∗{IH,E}. Then KerΦ0 = Kerπ and the mapping ρ :π(C∗{IH,E}) → B(H) defined
by ρ(π(X)) = V ∗π(X)V for X ∈ C∗{IH,E} is a complete isometry such that π ◦ ρ is the
identity on π(C∗{IH,E}) and Ranρ = RanΦ . Moreover, if RanΦ is ultraweakly closed, then
π(C∗{IH,E}) is also ultraweakly closed, hence a von Neumann subalgebra of B(K) and the
map ρ defined above is a ultraweak homeomorphism.
Proof. Theorem 2.3 shows that Ker(Φ0) is an ideal in C∗{IH,E}. Moreover, if the kernel of
a completely positive map defined on a C∗-algebra is an ideal, then it equals the kernel of its
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to-one because Ker(π) = Ker(Φ0). Next, since Φ0 ◦Φ0 = Φ0, we have that ρ ◦π ◦ρ ◦π = ρ ◦π
hence π ◦ ρ is the identity on π(C∗{IH,E}). Since both π and ρ are completely contractive, we
see that ρ is completely isometric.
Suppose now that E is ultraweakly closed. Then π(C∗{IH,E}) is isometric with a dual Banach
space, therefore it is a W ∗-algebra whose weak∗ topology is the one induced from E via the
mapping X → π(X). A net {Yλ} ⊂ π(C∗{IH,E}) converges to zero in the weak∗ topology if
and only if ρ(Yλ) → 0 weak∗ in B(H). Moreover, since the multiplication in a W ∗-algebra is
separately weak∗ continuous, it follows that for every A1,A2 ∈ C∗{IH,E} we also have that
ρ(π(A1)Yλπ(A2)) → 0 weak∗ in B(H). To prove that π(C∗{IH,E}) is ultraweakly closed it
suffices to show that the mapping X → π(X) (which is an isometry on E) is continuous when
both E and B(K) are endowed with their corresponding weak∗ topologies. Moreover, it is enough
to check this continuity on bounded subsets of E . Let {Xλ} be a bounded net weak∗ convergent
to 0. By what we have shown above, it follows that for each A1,A2 ∈ C∗{IH,E} and h1, h2 ∈H
we have that (
π(Xλ)π(A1)V h1,π(A2)V h2
)→ 0
which shows that π(Xλ) → 0 weak∗ in B(K) because π(Xλ) is bounded and π is minimal. This
completes the proof. 
Corollary 2.5. Suppose we are in the settings of Theorem 2.4. If Φ˜ : B(H) → B(H) is another
completely positive and completely contractive idempotent mapping such that Ran(Φ) = Ran(Φ˜)
then Φ and Φ˜ coincide on C∗{IH,E} where E = Ran(Φ).
Proof. We first observe that Φ(IH) = Φ˜(IH). This is because Φ(IH) is the largest positive
contraction in E and similarly for Φ˜ . Let Φ˜0 : C∗{IH,E} → B(H) be the restriction of Φ˜ to
C∗{IH,E}, and let {K˜, V˜ , π˜} be the Stinespring dilation of Φ˜0. It then follows from Theorem 2.4
that the identity mapping on E induces a unital complete isometry between the C∗-algebras
π(C∗{IH,E}) and π˜(C∗{IH,E}). It then follows from a well-known theorem of Kadison [13]
that this complete isometry is a ∗-isomorphism. This easily implies that Φ0 = Φ˜0. 
Corollary 2.6. Suppose we are in the settings of Lemma 2.1 and that H is separable. Let
Φ : B(H) → B(H) be any completely positive and completely contractive idempotent such that
Ran(Φ) =FΨ . For each m 1 let σm : B(H) → B(H) be defined by
σm(X) = 1
m
m−1∑
j=0
Ψ (j)(X), X ∈ B(H).
Then
Φ(X) = weak- lim
m→∞σm(X)
for every X ∈ C∗{IH,FΨ }.
Proof. First, recall from [12] that the space CB(H) of all completely bounded mappings
θ : B(H) → B(H) is a dual Banach space when endowed with the cb-norm. A sequence {θn}n1
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topology. The next part of the proof follows the lines from [1]. Let us consider a weak∗ limit
point, say Φ˜ , of the sequence {σm}m1. Then one can easily see that Φ˜ is an idempotent com-
pletely positive and completely contractive mapping such that Ran(Φ˜) = FΨ where we recall
that FΨ denotes the fixed point space of Ψ . It now follows from Corollary 2.5 that any two such
limit points agree on C∗{IH,FΨ }. This shows, via a standard compactness argument, that Φ has
indeed the form stated above. 
The following easy lemma is also needed in the proof.
Lemma 2.7. Let {Un}n1 ⊂ B(K) be a sequence of operators on some Hilbert space K such
that
∑∞
n=1 UnU∗n = IK. Let A⊂ B(K) be a unital C∗-algebra such that
∑∞
n=1 UnXU∗n = X for
every X ∈A. Then UnX = XUn for every X ∈A and n 1.
Proof. Given any orthogonal projection P in the weak∗ closure of A we see that since∑∞
n=1 UnPU∗n = P we have that KerP is invariant for all U∗n therefore each Un commutes
with all such projections. 
3. The main result
The main result of this paper is the following.
Theorem 3.1. Let T¯ = {Tn}n1 be a commuting row contraction on some Hilbert space H. Let
ΨT : B(H) → B(H) be its associated mapping defined as
ΨT¯ (X) =
∞∑
n=1
TnXT
∗
n
for every X ∈ B(H). Let
F(T¯ ) = {X ∈ B(H): ΨT¯ (X) = X}.
Let Q = s.o.- limj→∞ Ψ (j)T¯ (IH) and assume that Q = 0, or equivalently, that F(T¯ ) = {0}. Then
there exists a triple {K,Γ, {Un}n1} where K is a Hilbert space, Γ : K → H is a bounded
operator and {Un}n1 is a spherical unitary on K having the following properties:
(1) Γ Γ ∗ = Q;
(2) TnΓ = Γ Un for all n 1;
(3) K is the smallest reducing subspace for the spherical unitary {Un}n1 containing Γ ∗(H);
(4) The mapping
ρ : {Un}′n1 →F(T¯ )
defined by
ρ(Y ) = Γ YΓ ∗, Y ∈ {Un}′n1,
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(5) There exists a unital ∗-homomorphism
π : C∗{IH,F(T¯ )}→ {Un}′n1
defined on the unital C∗-algebra generated by F(T¯ ) in B(H) onto the commutant of
{Un}n1 in B(K) such that
π
(
ρ(Y )
)= Y, Y ∈ {Un}′n1;
(6) There exists a completely contractive unital and multiplicative mapping
Θ : {Tn}′n1 → {Un}′n1
defined by Θ(X) = π(XQ) which also satisfies
XΓ = ΓΘ(X), X ∈ {Tn}′n1,
({Tn}′n1 holds for the commutant of {Tn}n1);
(7) If {K˜, Γ˜ , {U˜n}n1} is another triple so that {U˜n}n1 is a spherical unitary on K˜ and
Γ˜ : K˜→H is a bounded operator satisfying conditions (1)–(3) then there exists a unitary
operator W :K→ K˜ such that U˜nW = WUn for n 1 and moreover Γ = Γ˜ W . Therefore
this triple also satisfy properties (4)–(6) as well.
Proof. Since ΨT¯ : B(H) → B(H) is completely positive, completely contractive and ultra-
weakly continuous, there exists, by Lemma 2.1, a completely positive and completely contractive
mapping Φ : B(H) → B(H) such that Φ ◦ Φ = Φ and RanΦ = F(T¯ ) where F(T¯ ) stands for
the fixed point space of ΨT¯ . Let Φ0 : C∗{IH,F(T¯ )} → B(H) be the restriction of Φ to the unital
C∗-algebra generated byF(T¯ ) and let {K,V ,π} be the minimal Stinespring dilation of Φ0 where
V :H→K is a bounded operator and π : C∗{IH,F(T¯ )} → B(K) is a unital ∗-homomorphism
such that Φ0(X) = V ∗π(X)V for every X ∈ C∗{IH,F(T¯ )}.
We are now precisely in the setting of Theorem 2.4. Let Q = Φ(IH) = s.o.- limj→∞ Ψ (j)T¯ (IH).
For each n  1 we see thatTnQ ∈ F(T¯ ) and we define Un = π(TnQ). We will show that
{Un}n1 is a spherical unitary and that, if Γ = V ∗ then the triple {K,Γ, {Un}n1} satisfies
conditions (1)–(7).
Let X ∈ C∗{IH,F(T¯ )}. Then using Theorems 2.3 and 2.4 we see that
Unπ(X)U
∗
n = π
(
TnQXQT
∗
n
)
= π(Φ(TnQXQT ∗n ))
= π(TnΦ(QXQ)T ∗n )
= π(TnΦ(X)T ∗n ).
In particular, when X = IH we get, for each m 1,
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n=1
UnU
∗
n = π
(
m∑
n=1
TnQT
∗
n
)
 π
( ∞∑
n=1
TnQT
∗
n
)
= π(Q) = IK.
This shows that {Un}n1 is a row contraction. We will show now that
∞∑
n=1
Unπ(X)U
∗
n = π(X)
for every X ∈ C∗{IH,F(T¯ )}. Let ρ : π(C∗{IH,F(T¯ )}) → B(H) be defined by ρ(Y ) = V ∗YV .
Then according to Theorem 2.4 we have that ρ is a complete isometry onto F(T¯ ) and that
π(ρ(Y )) = Y for every Y ∈ π(C∗{IH,F(T¯ )}). Let us fix X ∈ C∗{IH,F(T¯ )} and let Y =∑∞
n=1 Unπ(X)U∗n . Then for each m 1 we get
ρ
(
m∑
n=1
Unπ(X)U
∗
n
)
= ρ
(
π
(
m∑
n=1
TnΦ(X)T
∗
n
))
= Φ
(
m∑
n=1
TnΦ(X)T
∗
n
)
=
m∑
n=1
TnΦ(X)T
∗
n .
Letting m → ∞ we get ρ(Y ) = Φ(X) therefore
Y = π(ρ(Y ))= π(Φ(X))= π(X).
This shows that indeed
∞∑
n=1
Unπ(X)U
∗
n = π(X)
for every X ∈ C∗{IH,F(T¯ )}. In particular, this shows, via Lemma 2.7 that {Un}n1 is a spherical
unitary. We begin now proving the other assertions of the theorem.
(1) Q = Γ Γ ∗ because Φ(IH) = Q and π(IH) = IK.
(2) Let h, k ∈H and let n 1. Then(
U∗nV h,V k
)= (V ∗U∗nV h, k)= (Φ(QT ∗n )h, k)= (QT ∗n h, k)= (V T ∗n h,V k).
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VHU
∗
nV h = V T ∗n h where PrVH stands for the orthogonal projection of K
onto VH. We therefore get
∞∑
n=1
∥∥U∗nV h∥∥2 = ‖V h‖2 = ∞∑
n=1
∥∥V T ∗n h∥∥2
=
∞∑
n=1
∥∥Pr
VHU
∗
nV h
∥∥2.
This shows that VH is invariant for every U∗n and therefore U∗nV = V T ∗n or equivalently TnΓ =
Γ Un.
We are now going to prove assertions (3)–(5). Let K0 ⊂ K be the smallest subspace of K
containing VH and reducing for all Un. Let P0 denote the orthogonal projection of K onto K0.
Let
π0 : C∗
{
IH, {TnQ}n1
}→ B(K0)
be defined by
π0(X) = P0π(X)P0, X ∈ C∗
{
IH, {TnQ}n1
}
.
Since K0 is reducing for all Un it follows that π0 is a ∗-homomorphism. We will define the
mapping
ρ0 : π
(
C∗
{
IH,F(T¯ )
})→ B(K0)
by
ρ0(Y ) = P0YP0, Y ∈ π
(
C∗
{
IH,F(T¯ )
})
.
We will show that this mapping implements a ∗-isomorphism between the C∗-algebras
π(C∗{IH,F(T¯ )}) and the commutant {π0(C∗{IH, {TnQ}n1})}′. In particular this would im-
ply, using the minimality of π that in fact K=K0.
To begin with, we first observe that ρ0 is unital and completely positive, hence completely
contractive as well. It takes values in {π0(C∗{IH, {TnQ}n1})}′ because each Un is in the com-
mutant of π(C∗{IH,F(T¯ )}) and K0 is reducing for all Un. Let V0 : H → K0 be defined by
V0h = V h for h ∈H and let
ρ00 :
{
π0
(
C∗
{
IH, {QTn}n1
})}′ → B(H)
be defined by
ρ00(Z) = V ∗0 ZV0, Z ∈
{
π0
(
C∗
{
IH, {QTn}n1
})}′
.
One can see that ρ = ρ00 ◦ρ0. Moreover since ρ is completely isometric and ρ00 is completely
contractive, it follows that ρ0 is also completely isometric. Moreover ρ00 is one-to-one. This
follows easily since {Un}n1 hence their restrictions to K0 are commuting normal operators
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precisely {π0(C∗{IH, {QTn}n1})}′. This shows that
ρ0 : π
(
C∗
{
IH,F(T¯ )
})→ {π0(C∗{IH, {QTn}n1})}′
is a unital complete isometry between two C∗-algebras, therefore, by a well-known result of
Kadison [13] this mapping is a ∗-isomorphism. It then follows that K = K0. This shows that
assertions (3), (4) and (5) hold true.
(6) If X ∈ {Tn}′n1 we see that XQ ∈F(T¯ ) and we define
Θ : {Tn}′n1 → B(K)
by
Θ(X) = π(XQ), X ∈ {Tn}′n1.
If h, k ∈H then (π(QX∗)V h,V k) = (VX∗h,V k). On the other hand,
∥∥π(QX∗)V h∥∥2 = (Φ(XQ2X∗)h,h)
= (XΦ(Q2)X∗h,h)
= (XQX∗h,h)
= ∥∥VX∗h∥∥2.
This shows that π(QX∗)V = VX∗ hence XΓ = ΓΘ(X) for every X ∈ {Tn}′n1. This map-
ping is obviously completely contractive and unital. Let X,Y ∈ {Tn}′n1. Then
Γ
(
Θ(XY) − Θ(X)Θ(Y ))= 0.
This shows that Θ is also multiplicative because, if Γ Y = 0 for some Y ∈ {Un}′n1 then Y = 0
which follows from the minimality of {Un}n1.
(7) The proof of uniqueness is a matter of routine and is left to the reader. 
The following lemma is probably known. We give a proof of it using Theorem 3.1.
Lemma 3.2. Let {Tn}n1 be a commuting row contraction onH. Suppose thatN ⊂H is a closed
subspace that is invariant for all T ∗n and let Vn = T ∗n |N . If {Vn}n1 is a spherical unitary, thenN
is also invariant for all Tn hence reducing for {Tn}n1.
Proof. First, one can easily see that Qx = x for every x ∈ N where we recall that Q =
s.o.- limm→∞ Ψ (m)T¯ (IH). Let now consider a triple {K,Γ, {Un}n1} having the properties stated
in Theorem 3.1 relative to the row contraction {Tn}n1. It then follows that
U∗nΓ ∗ξ = Γ ∗Vnξ, ξ ∈N .
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UnΓ
∗ξ = Γ ∗V ∗n ξ, ξ ∈N .
Multiplying both sides with Γ and using the fact that TnΓ = Γ Un we get
TnΓ Γ
∗ξ = Γ Γ ∗V ∗n ξ, ξ ∈N .
Since Γ Γ ∗ξ = Qξ = ξ for all ξ ∈N we finally get Tnξ = V ∗n ξ for all ξ ∈N . This finishes the
proof. 
Corollary 3.3. Let {Tn}n1 be a commuting row contraction on H such that F(T¯ ) = {0} and let
{K,Γ, {Un}n1} be a triple having the properties stated in Theorem 3.1 above. Then there exists
a unital ∗-homomorphism
Π : C∗{IH, {Tn}n1}→ C∗{IK, {Un}n1}
such that Π(Tn) = Un for all n 1.
Proof. Recall first that, according to item (6) in Theorem 3.1, there exists a completely con-
tractive multiplicative and unital mapping Θ : {Tn}′n1 → {Un}′n1 such that Θ(Tn) = Un for all
n 1 and moreover, such that
XΓ = ΓΘ(X), X ∈ {Tn}′n1.
It then follows from a well-known theorem of W. Arveson [2] that there exists a completely
positive unital mapping Θ˜ : C∗{IH, {Tn}n1} → B(K) which coincides with Θ when restricted
to the norm closed algebra generated by {Tn}n1 and the identity. Let Ω : C∗{IH, {Tn}n1} →
B(R) be its minimal Stinespring dilation, where R is a Hilbert space containing K and Ω is a
unital ∗-homomorphism such that
Θ˜(X) = PKΩ(X)PK, X ∈ C∗
{
IH, {Tn}n1
}
and PK stands for the orthogonal projection onto K. We will show that K is invariant for
Ω(C∗{IH, {Tn}n1}). Let T˜n = Ω(Tn) for n  1. Then {T˜n}n1 is a row contraction on R.
Moreover, K is invariant for all T˜ ∗n . Indeed, since {Un}n1 is a spherical unitary, we get for each
η ∈K
∞∑
n=1
∥∥PKT˜ ∗n η∥∥2 = ∞∑
n=1
∥∥U∗n η∥∥2 = ‖η‖2  ∞∑
n=1
∥∥T˜ ∗n η∥∥2
and this shows that T˜ ∗nK⊂K. Now, a simple application of Lemma 3.2 shows that K is reducing
for all T˜n which shows that Θ˜ is a ∗-homomorphism. 
We shall need the following result of W. Arveson (see Remark 2 after Theorem 2.1 in
[3, p. 288]).
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contractive linear mapping. Assume that its fixed point space FΨ is irreducible (i.e. there is no
non-trivial closed subspace of H that is invariant for every X ∈FΨ ). If the Calkin projection
q : B(H) → B(H)/K(H)
is not completely isometric when restricted to FΨ then FΨ is closed under multiplication, there-
fore it is a C∗-algebra.
Theorem 3.4 can be used to prove the following invariant subspace result. The settings and
notations are those from Theorem 3.1.
Corollary 3.5. Let {Tn}n1 ⊂ B(H) be a commuting row contraction. Suppose there exists X ∈
F(T¯ ) such that ‖X‖e < ‖X‖ (‖·‖e stands for the essential norm). Then {Tn}n1 has a non-trivial
hyperinvariant subspace, i.e. a subspace invariant for all operators in the commutant of {Tn}n1.
Proof. Suppose first that F(T¯ ) is irreducible. It then follows from Theorem 3.4 applied to ΨT¯
that F(T¯ ) is a C∗-algebra. Let Φ : B(H) → B(H) be a completely positive and completely
contractive idempotent mapping whose range is precisely F(T¯ ). Since F(T¯ ) is a C∗-algebra, it
follows that
C∗
{
IH,F(T¯ )
}= {λIH + X: λ ∈ C, X ∈F(T¯ )}.
Therefore Φ restricted to C∗{IH,F(T¯ )} has the form
Φ(λIH + X) = λQ + X, λ ∈ C, X ∈F(T¯ ).
This implies that
Ker(Φ) ∩ C∗{IH,F(T¯ )}= {λ(IH − Q): λ ∈ C}.
Since this space is an ideal in C∗{IH,F(T¯ )} and since Q ∈F(T¯ ) it follows that
(Q − α)(IH − Q) = 0
for some α ∈ C. Moreover since both Q and Q2 belong to F(T¯ ) it follows that αIH ∈ F(T¯ ).
If α = 0 then we have that IH ∈ F(T¯ ) therefore Q = IH hence C∗{IH,F(T¯ )} = F(T¯ ) and by
Theorem 3.1 we see that {Tn}n1 is a spherical unitary hence {Tn}n1 has plenty of hyperin-
variant subspaces. On the other hand, if α = 0 then Q is a projection whose range is invariant
for all operators in F(T¯ ). Because F(T¯ ) was supposed irreducible we see that Q = IH in this
case as well therefore {Tn}n1 is a spherical unitary. Now, assume that F(T¯ ) is not irreducible,
so H=H1 ⊕H2 where Hj are non-zero invariant subspaces for all X ∈F(T¯ ) for j = 1,2. We
may assume that Qh = 0 for some h ∈H1. Since AQ ∈ F(T¯ ) for every A in the commutant of
{Tn}n1 it then follows that the closure of the set
L= {AQh: A ∈ {Tn}′n1}
is a non-trivial hyperinvariant subspace for {Tn}n1. 
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expressed pointwise as a weak limit of a certain sequence of Cesaro means.
Theorem 3.6. Suppose H is a separable Hilbert space. Then, in the settings of Theorem 3.1, the
∗
-homomorphism
π : C∗{IH,F(T¯ )}→ {Un}′n1
has the following expression:
π(X) = weak- lim
m→∞
1
m
m−1∑
j=0
Ψ
(j)
U
(
Γ ∗XΓ
)
, X ∈ C∗{IH,F(T¯ )},
where
ΨU(Y ) =
∞∑
n=1
UnYU
∗
n , Y ∈ B(K).
Proof. We first observe that, as a direct consequence of Theorem 3.1, if {Vn}n1 is a spherical
unitary on some Hilbert space, then its commutant coincides with the space of all solutions of
the equation
∞∑
n=1
VnYV
∗
n = Y.
We now show that π has the expression given above. For this purpose, let us fix X ∈
C∗{IH,F(T¯ )} and let Z = Γ ∗XΓ . Let also denote
σm = 1
m
m−1∑
j=0
Ψ
(j)
T¯
and similarly
Λm = 1
m
m−1∑
j=0
Ψ
(j)
U .
Also recall from Corollary 2.6 that
Φ(X) = weak- lim
m→∞σm(X)
for every X ∈ C∗{IH,F(T¯ )}. Let Y ∈ B(K) be any cluster point of the sequence {Λm(Z)}m1
in the weak topology of B(K) so that Y = weak- limk→∞ Λmk(Z) for some subsequence 1 
m1 < m2 < · · · . It is easy to see that ΨU(Y ) = Y therefore, as we remarked above, Y ∈ {Un}′n1.
Moreover, for every ξ, η ∈H we have
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Γ YΓ ∗ξ, η
)= lim
k→∞
(
ΓΛmk(Z)Γ
∗ξ, η
)
= lim
k→∞
(
σmk (QXQ)ξ,η
)
= (Φ(QXQ)ξ,η)
= (Φ(X)ξ, η).
This shows that
ρ(Y ) = Γ YΓ ∗ = Φ(X).
Since ρ is one-to-one on {Un}′n1 and since ρ(π(X)) = Φ(X), it follows that Y = π(X). This
shows that the sequence {Λm(Z)}m1 converges weakly to Y = π(X). This completes the
proof. 
A particular case of interest in which Theorem 3.1 applies is the one in which T¯ =
(T1, . . . , Td) is a d-contraction, i.e. a commuting row contraction with d components, for some
finite d  1. Let us first recall some terminology. Given a Hilbert space H and 1  n  ℵ0 we
denote by nH the orthogonal sum of n copies of H. If T ∈ B(H) one denotes by nT the op-
erator T ⊕ · · · ⊕ T acting on nH. If n = 0 the convention is to take nT to be the nil operator.
If T¯ = (T1, . . . , Td) is a d-tuple of operators on H one denotes nT¯ = (nT1, . . . , nTd). A sub-
space L ⊂ H is said to be co-invariant for a family of operators S ⊂ B(H) if it is invariant
for {T ∗: T ∈ F} and full co-invariant if moreover H is the smallest reducing subspace for F
containing L.
We now outline the operator model for d-contractions that has been developed by W. Arve-
son [4]. Let
Bd =
{
z = (z1, . . . , zd) ∈ Cd : |z1|2 + · · · + |zd |2 < 1
}
denote the open unit ball in the d-dimensional complex space. Then the Arveson space H 2d is the
reproducing kernel Hilbert space of functions analytic in Bd with reproducing kernel
k(z,w) = (1 − 〈z.w〉)−1, z,w ∈ Bd.
For each 1  j  d one denotes by Sj : H 2d → H 2d the multiplication operator by the
j -coordinate function. Then S¯ = (S1, . . . , Sd) is a row contraction that is called the d-shift on H 2d .
As it was proved in [4], for each d-contraction T¯ = (T1, . . . , Td) acting on a separable Hilbert
space H, there exists an essentially unique triple {n, Z¯, H˜} where 0 n ℵ0, Z¯ = (Z1, . . . ,Zd)
is a spherical unitary acting on some separable Hilbert space Z (which might be {0} if n  1)
and H˜ is a closed subspace of nH 2d ⊕Z such that H˜ is a full co-invariant subspace for nS¯ ⊕ Z¯
and T¯ is unitarily equivalent to the compression of nS¯ ⊕ Z¯ to H˜. The triple {n, Z¯, H˜} is called
the standard commuting dilation of T¯ .
Proposition 3.7. Let T¯ = (T1, . . . , Td) be a d-contraction acting on a separable Hilbert spaceH
and let {n, Z¯, H˜} be its standard commuting dilation acting on nH 2d ⊕Z . Suppose that Z = {0}.
Let us identifyH with H˜ and T¯ with the compression of nS¯ ⊕ Z¯ to H˜. Let Γ :Z →H be defined
1640 B. Prunaru / Journal of Functional Analysis 254 (2008) 1626–1641by Γ (k) = PH(0 ⊕ k) for k ∈ Z . Then the triple {Z,Γ, {Zj }dj=1} satisfies conditions (1), (2)
and (3) in Theorem 3.1. It then follows that all the other assertions of that theorem hold true for
this triple.
Proof. It only suffices to recall, as shown in the proof of Theorem 8.5 in [4] that for any h ∈H,
we have ‖Γ ∗h‖2 = s.o.- limj→∞(Ψ (j)T (IH)h,h). It is also clear that TjΓ = Γ Zj for 1 j  d .
The minimality condition (3) from Theorem 3.1 follows from the minimality of the standard
dilation. 
If (A1, . . . ,Ad) is a commuting d-tuple of bounded operators on some Hilbert space, then
σ(A1, . . . ,Ad) will denote its joint (Taylor) spectrum [23]. It is well known [24,25] that if A⊂
B(H) is a unital C∗-algebra and (T1, . . . , Td) is a commuting d-tuple of operators in A then for
each unital ∗-representation π :A→ B(K) we have σ(π(T1), . . . , π(Td)) ⊂ σ(T1, . . . , Td). This
result, together with Corollary 3.3 and Proposition 3.7 easily implies the following.
Corollary 3.8. Let (T1, . . . , Td) be a d-contraction on a separable Hilbert space H and assume
that its standard commuting dilation has a non-zero spherical unitary part (Z1, . . . ,Zd). Then
σ(Z1, . . . ,Zd) ⊂ σ(T1, . . . , Td).
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